In order to simulate rigidly rotating polytropes we have simulated systems of N point particles, with N up to 1800. Two particles at a distance r interact by an attractive potential −1/r and a repulsive potential 1/r 2 . The repulsion simulates the pressure in a polytropic gas of polytropic index 3/2. We take the total angular momentum L to be conserved, but not the total energy E. The particles are stationary in the rotating coordinate system. The rotational energy is L 2 /(2I) where I is the moment of inertia. Configurations where the energy E has a local minimum are stable. In the continuum limit N → ∞ the particles become more and more tightly packed in a finite volume, with the interparticle distances decreasing as N −1/3 . We argue that N −1/3 is a good parameter for describing the continuum limit. We argue further that the continuum limit is the polytropic gas of index 3/2. For example, the density profile of the nonrotating gas approaches that computed from the Lane-Emden equation describing the nonrotating polytropic gas. In the case of maximum rotation the instability occurs by the loss of particles from the equator, which becomes a sharp edge, as predicted by Jeans in his study of rotating polytropes. We describe the minimum energy nonrotating configurations for a number of small values of N .
Introduction
In a previous article, referred to here as paper I, we studied rotating systems of up to five particles held together by a long range attractive potential, inversely proportional to the distance, and stabilized by a short range repulsive potential of inverse square type [1] . As explained there, our motivation was to use the same model, with many particles, to simulate nonrotating and rigidly rotating polytropic gases, described by an equation of state of the form
where P is the pressure and ρ the mass density. Here K, γ, and n are constants, γ is called the adiabatic index and n is the polytropic index. The nonrotating polytropes are described by the Lane-Emden equation, which can also be generalized to the rotating case. We report here results of simulations with up to 1800 particles, and argue that this discrete model does indeed behave much like a continuous polytrope with polytropic index n = 3/2.
In Appendix A we have given a brief summary of how Jeans derived these results. He estimated that
Our values of γ = 5/3, n = 3/2 are well within the regime of the Jeans effect, 0.83 < n < 5.
In the theory of rotating incompressible fluids (γ → ∞) the Jacobi transition is the change, with increasing angular momentum, from a Maclaurin ellipsoid, having two long axes of equal length, to a Jacobi ellipsoid, with three different axes. Above the transition, both shapes exist as equilibrium configurations, but the Jacobi ellipsoid has lower energy, hence it should appear in our simulations where we minimize the energy. Jeans found that this transition is the leading instability down to γ = γ c . For γ < γ c the leading instability is the loss of particles due to the centrifugal force.
Jeans approached the problem of rotating polytropes in what he called the adiabatic model. He expanded the density as a series in a compressibility factor [8, 9, 10] . This allowed him to express the effective potential (gravitational plus centrifugal) as a series expanion, an idea which seems to have come from Lyapunov in the first place. See [11] for a brief summary of Lyapunov's work on celestial bodies. The methods of Jeans and Lyapunov were different in several ways. For example, Jeans used Cartesian coordinates, while Lyapunov used spherical coordinates, Lamé functions and Legendre polynomials, combined with his own invented series and techniques.
The minimum value = 0 represents an incompressible fluid, which has a surface density equal to its central density, and the maximum value = 1 represents a polytrope, which has a surface density equal to zero. By thinking of as varying continuously we may imagine a smooth transition between the two extremes. His expansion only to first order in gives surprisingly accurate results, as confirmed by the work of James in 1961, who concluded that 0.808 < n c < 0.8085 .
In order to verify his results for polytropes, Jeans introduced what he called the generalized Roche model, which is an approximation where most of the mass is contained in an incompressible inner region. In the Roche model, the inner region is just a point. The method used by James was very different, starting with the Chandrasekhar-Milne expansion and further expanding the terms in this expansion in Legendre polynomials [12] . Another work on fast rotating polytropes using the Chandrasekhar-Milne expansion is that of Monaghan and Roxburgh [13] . They allow the inner region to be compressible, unlike in the generalized Roche model of Jeans.
A different approach, based on a variational principle, is that of Hurley and Roberts [14, 15] . A recent work, where these results are verified numerically, is that of Kong et al. [16] .
Outline of the article
In Sec. 2 we present some general theory, including some theory from paper I in order to make the present article self-contained.
Before discussing the rotating configurations we take a closer look at the nonrotating case. In Sec. 3 we study how some properties of minimum energy configurations depend on N , the number of particles. We find that N −1/3 is a very useful expansion parameter, in particular because it goes to zero in the continuum limit N → ∞. It appears that several quantities describing the configurations take finite values in this limit. One example is the average energy per particle pair, which is fitted remarkably well all the way down to N = 2 by a cubic polynomial in N −1/3 . The fit indicates that N = 1800, which is the largest system we have simulated, is rather far from the continuum limit. In fact, one should remember that the convergence of N −1/3 to zero is rather slow.
Similar examples are two quantities defining the geometrical size of a configuration. The result that the size remains finite as N → ∞ can be understood as a consequence of the virial theorem.
The Lane-Emden equation describes the density profile of a gravitationally bound nonrotating polytropic gas. In our system of a finite number of particles we can compute an approximate density profile that compares very well with the one predicted from the continuum theory.
In Sec. 4 we present plots of minimum energy configurations of few particles, up to N = 15, N = 26, and N = 53. For some special values of N the particles can be arranged in particularly symmetric configurations, and it is no surprise that these are "magic numbers" for which the energy is particularly low, Section 5 is a brief general introdution to the case of rotating systems. We find a power law for the dependence of the maximal angular momentum on the number of particles, with a power which is close to, but apparently different from 1.5. We argue that the power should go to 1.5 as N → ∞.
In Sec. 6 we present a detailed study of rotating systems of 400 particles. Some other examples with different numbers of particles are included for comparison. The results may be summarized as follows.
The stable configurations with different values of the angular momentum L are arranged in a very large number of branches. Each branch is stable within a limited L interval, and becomes unstable at either end of the interval by changing discontinuously into a different configuration.
We have followed many branches by varying the angular momentum in small steps. It is very clear, however, that our sample of stable branches is very far from complete. To demonstrate this we have searched for and found other stable configurations at one randomly chosen value of the angular momentum, L = 3067.
We present plots of the stability parameter σ, defined in Eq. (37), and different asymmetry parameters as functions of L. The theory of Jeans predicts that for our value of n = 1.5 the asymmetry A 12 , Eq. (39), in the rotation plane, should vanish in the continuum limit N → ∞. In our simulations it is not exactly zero, but we believe that the small values we obtain are consistent with zero within statistical fluctuations.
The asymmetry A (12)3 , Eq. (41), is most directly comparable to predictions from the continuum theory. In this case, unfortunately, we have no theoretical prediction to compare with. We have plotted it as a function of L/L max , where L max is the maximum angular momentum, for N = 25, 50, 150, 400, and 700. There is a clear tendency that it decreases with increasing N . Again this may be because the statistical fluctuations decrease.
With 400 particles we have plotted the average energy per particle pair, and the ratio between rotational and gravitational energy, as functions of L. These energy quantities, as well as the asymmetry, are all fitted very well by polynomials in L of low degree.
In order to illustrate the Jeans effect we have plotted, for 400 and 700 particles, the distribution of particles projected on the vertical xz-plane. We have also plotted equipotential lines. The plots are made with the maximal value of the angular momentum, and also for one smaller value. These plots show how the system develops a sharp edge at the equator, by filling its Roche lobe, when the angular momentum approaches its maximum value.
General theory 2.1 Simulating a polytrope
The polytropic equation of state gives the gas pressure as
where K is a constant, n = N/V is the number density of particles, N is the number of particles in a volume V, and γ is the adiabatic index. A nonrelativistic monatomic gas has γ = 5/3. This is the equation of state for the degenerate electron gas inside a white dwarf star, and it is also the equation of state in the convection zone inside the Sun. If the gas expands adiabatically the change in its internal energy U is given by the equation
which can be integrated to give the internal energy as a function of the volume,
The internal energy is the kinetic energy of the gas molecules, plus the rotational energy if the molecules rotate. We now observe that the same volume dependence of the internal energy is obtained if we postulate a gas of stationary point particles having a repulsive potential between a pair of particles at a distance r of the form
where C is a constant. With γ = 5/3 this is an inverse square potential, U rep = C/r 2 . In a gas with N particles we introduce the following repulsive potential energy between particle pairs, simulating the kinetic energy of the gas particles,
We choose the mass of the identical gas particles as our unit of mass. Then we choose units of length and time such that C = 1. In the following we will also set the gravitational constant equal to one. For a fixed number of particles this repulsion energy scales with the volume in the same way as the kinetic energy of a gas satisfying the polytropic equation of state with adiabatic index γ = 5/3. However, as a function of the particle number N it scales quadratically, as N (N − 1)/2, whereas the kinetic energy scales linearly, as N . Thus it is only approximately true that the pairwise potential energy we introduce may represent kinetic energy.
Simulating rotation
We consider a system of N identical particles of unit mass, rotating as a rigid body about an axis which we take to be the z axis. We describe it in a rotating coordinate system where the particle positions are fixed, thus there are no Coriolis forces. It has angular momentum L = IΩ, where Ω is the angular velocity, and I is the moment of inertia about the z axis,
Conservation laws require that the rotation axis goes through the centre of mass, hence we impose the constraints
The rotational energy is
The other contributions to the energy are the positive repulsion energy U rep and the negative gravitational potential energy
When we simulate the rotating system numerically it is physically meaningful to specify the rotation by fixing the angular momentum L, rather than the angular velocity Ω, since L is the conserved quantity. Given the value of L we want to find a configuration which minimizes the total energy
In particular, the energy should be a minimum under the scaling transformation
for i = 1, 2, . . . , N . The energy scales as
The minimum with respect to α is given by the equation
This shows that after the minimization of the energy E the virial theorem holds in the form
The virial theorem implies that the total energy in the minimum energy configuration is half the gravitational energy,
It also implies for the ratio between the rotational energy and the gravitational potential energy that
2.3 The potential of a test particle If we add another particle of a small mass δm at position r, without changing the angular momentum, then the change in energy is
This defines the potential φ( r). The rotational energy, Eq. (12), changes because the moment of inertia I and the angular velocity Ω change. The centre of mass is shifted from R = 0 to
where M = N is the total mass before addition of the extra particle. The moment of inertia changes to
To first order in δm we have that
To the same order, the change in rotational energy is
where φ rot is the centrifugal potential,
Making the (somewhat arbitrary) assumption that the repulsive potential is also proportional to δm we get the following expression for the total potential,
This is the potential which is plotted in the Figures 22 and 23.
These plots of the potential illustrate the stability of the configurations. A configuration is stable if it is surrounded by a potential barrier that prevents particles from escaping. When its angular momentum is increased until it becomes unstable, particles will first escape through one or more Lagrange points, which are saddle points of the potential.
The equipotential surface through the lowest Lagrange point is the boundary of what we may call a Roche lobe. The configuration becomes unstable when it fills its Roche lobe. By definition, a saddle point is a point where equipotential lines cross, hence the boundary of the Roche lobe must have a cusp, or a sharp edge, there. Therefore an axisymmetric cloud of particles filling its Roche lobe must have a sharp edge, like a discus, as described by Jeans.
Stability
For a given value of L, any local or global minimum of the energy E as given in Eq. (14) is a stable equilibrium configuration. It is an important observation that E has always at least one global minimum, because there is an obvious lower bound E ≥ −N (N − 1)/8. In fact, the potential energy of two particles at a distance d,
has a minimum E 2 = −1/4 at d = 2. Thus, for any value of L there exists at least one stable equilibrium configuration.
We will now see how to test numerically for the stability of an equilibrium configuration. It is convenient to write the coordinates of the N particles as u T = (u 1 , u 2 , . . . , u 3N ) = (x 1 , y 1 , z 1 , x 2 , y 2 , . . . , z N ) .
The superscript T denotes the transpose, thus u is a column vector. In order to impose the constraints of Eq. (11) we subtract the centre of mass position
The transformation from r i to r i = r i − R may be written as
where P is a (3N ) × (3N ) matrix. We write I n for the n × n identity matrix, then
P is an orthogonal projection, which means that P 2 = P and P T = P. Consider a perturbation u → u + v where is a small parameter. The perturbation is physically meaningful if v = Pw for some vector w, so that the centre of mass is not moved away from the rotation axis.
The condition for stable equilibrium is that the energy E is minimal at = 0 for any direction vector v = Pw. This means that the first derivative with respect to must vanish, and the second derivative must be non-negative. The first derivative must vanish also for an unphysical perturbation moving the centre of mass away from the rotation axis, hence all the partial derivatives must vanish,
The condition of non-negative second derivative is that the matrix
where D is the so called Hessian matrix of second derivatives,
must have only non-negative eigenvalues. Our numerical computations give the eigenvalues in increasing order,
Four eigenvalues vanish identically, because they correspond to overall translations in three directions and an overall rotation about the rotation axis. Therefore we define a stability parameter
which is positive or negative depending on whether the configuration is stable or unstable.
The asymmetry parameters
In order to compare the shapes of our simulated rotating configurations with the shapes of rotating liquid drops we introduce a matrix
the elements of which are central moments of the mass distribution. The eigenvectors of this matrix are the principal axes of the body, and we choose them as our x, y, z axes. The corresponding eigenvalues β 1 ≥ β 2 ≥ β 3 > 0 are the moments along the principal axes. We order them in decreasing order, then the rotation axis will always be the z axis, since the rotation flattens the body. We define asymmetry parameters
These definitions imply that 0 ≤ A ij < 1 when i < j. The three different asymmetries satisfy the relations
Since A 12 ≥ 0 and A 23 ≥ 0 it follows that A 13 ≥ A 23 and A 13 ≥ A 12 .
In the examples where we compute the asymmetries, we always have A 12 ≈ 0 and A 23 ≈ A 13 . The asymmetries computed in our discrete model may be compared with similar quantities computed in continuum models, such as polytropes and incompressible fluids. In the continuum case there may be perfect rotational symmetry in the xy-plane. In the corresponding discrete model, the rotational symmetry in the plane will be only approximate, due to statistical fluctuations if not for other reasons, so that the eigenvalues β 1 and β 2 will differ slightly. For the comparison we should then introduce the mean value β 12 = (β 1 + β 2 )/2 and define
According to the Jeans effect, as we have called it, for a polytrope with angular momentum less than maximal there is perfect rotational symmetry in the plane. As the angular momentum approaches its maximal value the mechanism for instablility is that particles escape from the equator. With a finite number of particles we see the same mechanism for instability at maximal angular momentum, and furthermore the escape of one particle necessarily results in a nonzero asymmetry A 12 . Since it is impossible to lose less than one particle, it is reasonable to call this process a statistical fluctuation. This may explain the appearance of Fig. 16 , where it is seen that A 12 increases sharply just before the instability sets in.
In the classical theory of rotating incompressible liquid bodies bound by gravitation the equilibrium shapes are ellipsoids. Denote the half axes of the ellipsoid by
The eccentricities are defined as
when a i > a j . The three different eccentricities satisfy the relation
The second moments of the ellipsoid are proportional to a 2 1 , a 2 2 , a 2 3 , hence the asymmetry parameters of the ellipsoid, with i < j, are
The other way around, the eccentricities are expressed in terms of the asymmetries as
3 Configurations of many particles without rotation
In this section, and the next, we present results from numerical studies of the minimum energy configurations without rotation. We consider first the case when the number of particles, N , is large. In the next section we will present plots showing what the minimum energy configurations look like for small N .
The energy E becomes more negative, and the geometrical size increases somewhat, although not very much, as N increases. In our calculations we find approximate scaling laws for the dependence on N of the energy and size. We argue that for large N the density distribution of particles approaches that of a nonrotating gravitationally bound polytrope of polytropic index n = 3/2, as described by the Lane-Emden equation. Since this is the theoretical model that we compare our numerical results against, we begin by describing it briefly.
The Lane-Emden equation
In Appendix B we discuss the numerical treatment of the Lane-Emden equation. We want to compare some numbers computed from the configurations we generate in our model, with the corresponding numbers computed from the Lane-Emden density distribution. These can be expressed as integrals that most often have to be computed numerically. We use the Monte Carlo method to integrate numerically. That is, we generate random configurations of a large number of noninteracting particles from the given density distribution, as described in the appendix.
We define a function f (u) satisfying the Lane-Emden equation on the interval 0 ≤ u ≤ 1, with f (0) = 0 and f (1) = 0. The particle number density, or mass density if each particle has unit mass, at a radius r = bu where b is a scaling factor, is
Here β (f (0)) 3/2 is the central density. The fraction of the mass inside the radius r is the function F (u) defined in Eq. (114).
There is a basic difference between the Lane-Emden model and our model with a pair interaction consisting of a gravitational attraction of long range, and a repulsion of shorter range introduced artificially to prevent collapse. In the Lane-Emden case there is no repulsion between particles, hence in the Monte Carlo process two particles can come arbitrarily close to each other. In our model, there is a lower limit to the distance between two particles when N is fixed, because it costs energy to bring them close together.
What happens in our model when we increase N , is essentially that we fill up with more particles inside a volume that does not increase very much. We will argue next that the volume must stay nearly constant because of the virial theorem. It means that the smallest interparticle distance must decrease roughly as N −1/3 , in our model. This explains why N −1/3 is a useful expansion parameter when we study how various quantities vary with N in the limit of large N , a fact that we discovered by trial and error. Unfortunately, N −1/3 goes rather slowly to zero as N → ∞. This means that in practice we can never quite neglect finite size effects.
Energy as a function of N
The number of particle pairs is N (N − 1)/2, and when the total energy is E the average energy per particle pair is
.
The computed minimal values of E 2 for some values of N are tabulated in Table 1 . These and many more values are plotted in Fig. 1 . By the virial theorem, after minimization of the energy the gravitational energy is V grav = 2E. Table 1 : The minimal value of the average energy per particle pair, E 2 , for N particles without rotation. The asterisks mark configurations for small N with a central particle (not exactly at the centre for N = 12 and N = 14). Since the minimum energy of one particle pair is −1/4 at a distance of d = 2, it is clear that E 2 ≥ −1/4. Obviously, this is a strict inequality for N > 4, since not all particle pairs can have the optimal distance d = 2.
The figure shows a slow increase of E 2 with N . It also shows the existence of "magic numbers", where the energy is exceptionally low because the particles are arranged in configurations of high symmetry. Some magic numbers are 4 (a regular tetrahedron), 6 (a regular octahedron), 13 (a regular icosahedron with a central particle), 26, and 53. In Section 4 we will show the configurations with N = 26 and N = 53. The average energy per particle pair is well fitted over the whole range, down to N = 2, by a cubic polynomial in N −1/3 ,
with the following values of the coefficients,
It must be noted that we have done a weighted least squares fit with weights N 2 , because the important point is to obtain a good fit to the energies at the largest values of N . Nevertheless the fit is reasonably good all the way down to N = 2.
The fit gives us a limiting value as N → ∞ which is
This can be compared to the number computed by Monte Carlo from the Lane-Emden distribution, as given in the appendix,
We understand the existence of this limit as a consequence of the virial theorem. The energy of one configuration is E = all pairs
where d is the distance between the particles of one pair. After E has been minimized, the virial theorem must hold, which says that
In the last sum, the quantity in parenthesis is positive for d < 2 and negative for d > 2.
The sum can be zero only if the interparticle distances d are distributed equally below and above d = 2, as shown in Fig. 2 , where we have plotted the contributions to the sum from the different values of d. This balance fixes the geometrical size of the cloud of particles. As we increase N the size must remain nearly constant, and all that happens, roughly speaking, is that the density of particles increases everywhere in the same proportion. Figure 2 demonstrates clearly how a finite system is different from the continuum limit, in particular because there is a lower limit to the distance between particles. In order to understand the limit N → ∞, we have studied what happens when N increases. We define r as the root mean square distance of the particles from the origin. We write d for the distance between two particles, and write d for the average of d over all the particle pairs. The mean values r and d are tabulated in Table 2 for some values of N . The fulldrawn, peaked curve is for 1800 particles in our model. The dashed, smoother curve is for 10 000 independent points drawn at random from the Lane-Emden density distribution. This curve should be essentially independent of the number of points. For the sake of the comparison, both curves are divided by the number of particle pairs. 
Finite size effects
and with the following fitted values for the coefficients,
and
The least squares fitting is done with weight N for each data point, emphasizing the high values of N . Also plotted are the residuals r − r m and d − d m . They show no systematic dependence on N . According to the fits there exist limiting values as N → ∞,
These can be compared to the numbers computed by Monte Carlo from the Lane-Emden distribution, as given in the appendix, r LE = 2.9220 ± 0.0029 , d LE = 3.8432 ± 0.0037 .
Approximate scaling Figure 5 shows the cumulative distribution of the interparticle distance d for all the particle pairs. The three cases N = 120, N = 800, and N = 1800 are shown, together with the presumed N → ∞ limit given by the Lane-Emden equation. Remember that one particle pair has its minimum energy when d = 2. Most of the distances are larger, we see for example from figure 5 that for N = 1800 we have d > 2 for 90 % of the particle pairs. In the virial theorem, Eq. (54), the 10 % of the distances smaller than two weigh up for the 90 % of the distances larger than two. All four distributions are seen to have very nearly the same shape. In fact, they are brought to lie very nearly on top of each other when the three configurations with N = 120, N = 800, and N = 1800 are magnified by factors of 1.3243, 1.1741, and 1.1351, respectively. These factors are calculated from the mean values in Table 2 , and from the mean value d = 3.8432 for the Lane-Emden case, see Appendix B.
The curves can not have identically the same shape, however, for one very good reason. A simple scaling of all the distances d by a common factor would break the virial theorem, because the two terms in Eq. (54) scale differently. It follows that the four curves in Fig. 5 must be visibly different after scaling. The differences in shapes are seen in Fig. 6 at both ends of the curves, while the middle parts of the curves follow each other closely. 
Density profiles
The dimensionless Lane-Emden equation, Eq. (95), describes the density profile of a nonrotating polytropic gas cloud of given polytropic index n. We take here n = 3/2. The density at a radius r = aξ is
where ρ c is the central density and a is a scaling factor. The solid curves in the two plots in Fig. 7 show the dimensionless density θ n = ρ/ρ c as a function of the dimensionless radius ξ. The surface of the gas cloud where θ(ξ) = 0, is given by ξ = ξ 1 = 3.653 754. The dashed curves in these plots show the density profiles we compute for N = 120 (left) and N = 1800 (right). In order to compute a continuous density profile from a configuration of N point particles, we can imagine looking through an unfocused telescope, seeing each point particle as a spherically symmetric gaussian density distribution. We take the standard deviation to be 1.36, comparable to the minimum distance between points for N = 120, as Fig. 6 shows, In order to make our numerical density profiles coincide with the theoretical profile for a polytrope, we have to divide r, the distance from the origin to a point where we compute the density, by a scale factor a that is 1.485 for N = 120 and 1.64 for N = 1800. The artificial smearing out of the point particles produces extra tails to the dashed curves. These plots of density profiles are again good evidence that the configurations of finite numbers of point particles that we generate, can be understood as representing polytropes of index n = 3/2. 
Configurations of few particles without rotation
In this section we will describe some of the simplest examples of minimum energy configurations, including the magic numbers N = 26 and N = 53.
Five, six, and seven particles. Figure 8 shows the minimum energy configuration of seven particles. With five, six, or seven particles, two of the particles define a symmetry axis, the z-axis in the figure. The remaining particles form a regular polygon in the horizontal plane, the xy-plane in the figure, an equilateral triangle when N = 5, a square when N = 6, or a regular pentagon as in Fig. 8 . The configuration with six particles (not shown) has maximal symmetry, since it is a regular octahedron, symmetric under a group of 48 different rotations and reflections.
Eight particles. The minimum energy configuration of eight particles, also shown in Fig. 8 , can be described as made out of two paper boats, where one is turned upside down, rotated 90 • and put on top of the other. It is a polytope with four four-fold corners (where four edges meet), and four five-fold corners. It has a special symmetry which is a simultaneous reflection in the xy-plane and a rotation by 90 • . It also has two vertical symmetry planes (through the z-axis).
Nine particles. The minimum energy configuration with nine particles is shown in Figure 9 . It is a polytope with three four-fold and six five-fold corners. It is symmetric under rotations by 120 • about the z axis. The horizontal plane (xy-plane) and three vertical planes are symmetry planes. Ten particles. With ten particles there are two widely different configurations that are nearly degenerate in energy, see Table 1 . The one with lowest energy is shown in Fig. 9 . It has two four-fold and eight five-fold corners. It has a special symmetry which is a simultaneous The second stable configuration with ten particles, with slightly higher energy, is just the nine-particle configuration shown in Fig. 9 with a tenth particle in the centre. This is actually the first time we encounter a minimum energy configuration with a central particle. It is also the first time we encounter two nearly degenerate minimum energy configurations. 11 particles. The configuration with eleven particles is simply the one with ten particles shown in Fig. 9 with the eleventh particle in the centre.
12 particles. The minimum energy configuration with twelve particles is shown in Fig. 10 , It has one central particle at x = y = 0 and z = 0.034, slightly above the horizontal plane because this is not a symmetry plane. The only symmetries are reflection symmetries about the xz-and yz-planes. The top corner is six-fold. Two corners adjacent to this are four-fold, and the remaining eight corners are five-fold.
13 particles. The minimum energy configuration with thirteen particles is one of the few that have maximal symmetry. It is a regular icosahedron with the thirteenth particle in the centre.
14 particles. In Fig. 10 we show also the configuration with fourteen particles. The bottom corner is four-fold, and the remaining twelve corners are five-fold. Again the central particle is not exactly at the centre, because the horizontal plane is not a symmetry plane. The only symmetry is a 180 • rotation about the z-axis.
15 particles. In Fig. 11 we show the configuration of fifteen particles. The central particle is exactly at the centre. The top and bottom corners are six-fold, and the remaining twelve corners are five-fold. A simultaneous reflection about the horizontal plane and a rotation by 26 particles. In Fig. 12 we show the "magic" configuration of 26 particles. This has an exceptionally low energy because of its high symmetry, which is not obvious from the complete figure, although the projections onto the xy-, xz-and yz-planes are equal and highly symmetric. There is a central regular tetrahedron, and the symmetry group of the whole configuration consists of all the 24 permutations of the corners of this tetrahedron. The tetrahedron is surrounded by a shell made up of three different polyhedra with the same tetrahedral symmetries, shown here in the same figure. One contains 12 particles and can be understood as a cube with all six corners cut off. The other two are a regular octahedron and a regular tetrahedron 53 particles. In Fig. 13 we show the configuration of 53 particles, another "magic" case. There is one central particle exactly at the centre, and two concentric approximately spherical shells, plotted separately in the figure. The inner shell contains 14 particles and has a root mean square radius of 1.211 011 415 841. The outer shell contains 38 particles and has a radius of 2.237 680 879 671. The inner shell plus the central particle is like the configuration of 15 particles plotted in Fig. 11 , compressed by a factor of 0.71. In fact, the root mean square radius of the shell in Fig. 11 is 1.707 609 454 071.
A complete description of the configuration of 53 particles is given in Table 3 . Five particles lie along the z-axis, while 48 particles form regular hexagons centered on the z-axis in eight planes perpendicular to the z-axis. The hexagons in adjacent planes are rotated 30 • relative to each other. In the table, r 2 is the distance of the points from the z axis (the radius of the hexagons), and r 3 is the distance from the origin. The basic symmetry transformation is a simultaneous rotation by 30 • about the z-axis and a reflection about the xy-plane. In addition, there are six vertical symmetry planes. 
Rotating systems of finite numbers of point particles
So far we have studied nonrotating minimum energy configurations, arguing that they can represent polytropes of index n = 3/2, as described by the Lane-Emden equation. In particular, we have shown that already with 120 point particles they reproduce very well the polytropic Table 3 : The minimum energy configuration for 53 particles without rotation. r 2 and r 3 are defined in the text. density profile. We will now show how they become deformed when set into rotation.
In contrast to a liquid of constant density, a polytrope is compressible. It has a sharply defined surface, like the liquid, but its densiy goes to zero at the surface. Jeans [8, 9, 10] concluded that the compressibility implies that the transition from a Maclaurin ellipsoid, having a circular shape in the plane perpendicular to the rotation axis, to a Jacobi ellipsoid, having three different principal axes, can take place with a rotating polytrope only when the polytropic index n is smaller than a critical value n c ≈ 0.83. This value was confirmed by James [12] , who found n c ≈ 0.808. See Appendix A for a summary of the reasoning of Jeans.
It means that we can not expect to see the Maclaurin to Jacobi transition in our simulations with n = 1.5. What happens instead, before the bifurcation point is reached, is that the rotating polytrope becomes unstable by shedding particles at the equator, where the centrifugal force exactly balances the gravitational attraction. This balance implies that the equator becomes a sharp edge, as described by Jeans. In our simulations, as presented here, we see clearly this sharp edge appearing when the angular momentum reaches its maximal value.
The maximal angular momentum
We have tried to determine with good precision, for some values of N , the maximal value L max that the angular momentum L can take before the system becomes unstable by losing particles. The results are summarized in Table 4 and Fig, 14 . The figure shows that the data follow very closely the power law Table 4 : The maximal angular momentum L max for different numbers of particles, and the corresponding W values. Note the drop in W max from N = 5 to N = 10.
We can understand the power b ≈ 1.5 in the following way. In the virial theorem, Eq. (18), we have for large N that the first two terms are proportional to the number of particle pairs, N (N − 1)/2,
with positive coefficients A and B that do not vary much with N . In the rotational energy E rot = L 2 /(2I), the moment of inertia is proportional to the number of particles,
with a coefficient C that is again nearly independent of N . Thus the virial theorem implies that
This argument would imply that b → 1.5 in the limit N → ∞.
Figure 14:
The numerical values of L max given in Table 4 . The straight line is the power law given in Eq. (62).
The ratio between rotational and gravitational energy
The table also gives the maximal value W max of the ratio between the rotational energy and the gravitational energy, W = E rot /|V grav |. This maximal value is known to be smaller for a polytrope than for a liquid of constant density [17] . It is an interesting result we obtain that the value of W max seems to be roughly independent of the number of particles. The virial theorem gives Eq. (20),
This upper limit of 1/2 is much larger than the values W max ≈ 0.07 that we find in our simulations. The exceptional value W max = 0.1876 listed in the table for five particles is not representative, because it occurs when the particles line up on a straight line, and U rep /|V grav | ≈ 0.31, see [1] . The low value W max ≈ 0.07 corresponds to a much higher value of the repulsive potential, U rep /|V grav | ≈ 0.43. Note that the upper limit of 1/2 in Eq. (66) is the same as the upper limit for a Maclaurin ellipsoid in the case of an incompressible fluid [17] . We could in principle simulate a nearly incompressible fluid by inserting a very large value for the power k = 3(γ − 1) in Eq. (8) . This would imply a generalized virial theorem, and the following generalization of Eq. (66),
We may argue that it would also lead to a small limiting value for kU rep /|V grav |, so that W would approach the limit of 1/2.
Example: 400 particles
We have generated more than 1600 configurations consisting of 400 point particles with different values of the angular momentum. Most of them are generated by following stable branches, increasing or decreasing the angular momentum L in small steps. In this section we present some results obtained from studying these data. For comparison we also present some results for 700 particles, and also some cases of fewer than 400 particles. The general picture is that with an increasing number of particles the systems we study resemble more and more a continuous polytrope. We confirm the Jeans effect as defined in the introduction, that configurations become unstable at the highest values of L by shedding single particles at the equator, which then becomes a sharp edge. We also see strong evidence for the result obtained by Jeans that a polytrope with polytropic index n = 1.5 remains rotationally symmetric in the rotation plane until it becomes unstable at L = L max .
Stability
In paper I we studied systems of very few particles, and gave detailed descriptions of how different branches of stable confinurations evolve with increasing angular momentum L. Obviously, this we can not do here in the same detail, because the number of branches is extremely large. Nevertheless, we can pick at random one branch at a time and follow its evolution, changing L in small steps. In Fig. 15 we plot the stability parameter σ for 400 particles, as a function of L, for some 40 branches above L = 2800. Every branch is seen to be stable only in a rather small L interval. We find no stable branches above L max = 3348.
As an indication of to what degree our random sample of branches is complete, we have searched for, and found, other stable configurations at L = 3067. These are plotted in the figure as (purple) circles, They indicate that continued searches would reveal a very large number of branches, also in seemingly empty areas in the plot.
Asymmetry
In Section 2.5 we defined different asymmetry parameters. In Fig. 16 we see how the asymmetry A 12 , in the rotation plane (the xy-plane), increases with L. The main result to be noted is that it is small. We believe that the reason for the sharp increase in A 12 when L comes close to L max , is that the number of particles is finite, and single particles at the equator become more and more loosely bound. This is simply what we call the Jeans effect.
In the left panel of Fig. 17 we see how the asymmetry A 13 , in the xz-plane, changes as a function of L. The right panel shows the asymmetry A 23 , in the yz-plane. They are both much larger than the xy asymmetry A 12 . The reason is of course that they measure the rotational flattening, which is large. The smallness of A 12 in comparison indicates that it may vanish in the continuum limit N → ∞, as predicted by Jeans. For a given value of L approaching L max , all three asymmetries, in particular A 12 , show substantial variations.
It follows from Eq. (40) that A 13 = A 23 if A 12 = 0, and that A 13 > A 23 if A 12 > 0. Since we have A 12 > 0 in our data, and expect that A 12 = 0 in the continuum limit, we conclude that the proper asymmetry to study in the limit is neither A 13 nor A 23 , but rather A (12)3 as defined in Eq. (41). This is plotted in Fig. 18 for 700 particles, together with a fitted curve Figure 15 : Evolution of the stability parameter σ as a function of the angular momentum L, for around 40 stable branches of configurations of 400 particles. The isolated circles at L = 3067, belonging to other branches that we have not followed, indicate that the present sample of branches is very far from complete. Figure 16 : This plot for 400 particles shows how the asymmetry parameter A 12 increases with the angular momentum L. The sample of branches, and the isolated points at L = 3067, are the same as in Fig. 15 .
which is the following quartic polynomial, 
We have assumed in the fit that the asymmetry grows quadratically with L for small L. The fit is remarkably good with as few as three parameters.
The Figures 19 and 20 show the same asymmetry A (12)3 as a function of L/L max for 25, 50, 150, and 400 particles, compared to the curve fitted for 700 particles. It is worth noting that for 400 particles, where we have 1628 data points for A (12)3 , all these points fall very Figure 19 : The asymmetry parameter A (12)3 as a function of the angular momentum L/L max for 25 particles, with L max = 44.6, and for 50 particles, with L max = 130. The curve in both plots is the quartic polynomial fitted to the data for 700 particles. Figure 20 : The asymmetry parameter A (12)3 as a function of the angular momentum L/L max for 150 particles, with L max = 715, and for 400 particles, with L max = 3348. The curve is the fit for 700 particles.
nearly on one single curve, with fluctuations presumably because there are a finite number of particles. We see in Fig. 17 that A 13 and A 23 show larger variations for a fixed value of L (but note the factor of nearly ten between the scales of the plots).
If there does exist a continuum limit when N → ∞ we would expect the asymmetry as a function of L/L max to become independent of N in the limit. These plots show clearly a finite size effect, that the asymmtry decreases when the number of particles increases. We believe that the continuum limit exists, but we have not quite reached it yet.
The energy as a function of L
The left panel in Fig. 21 shows how the average energy per particle pair, E 2 = 2E/N (N −1), increases with the angular momentum L for 400 particles. The following polynomial of degree five gives an excellent fit, The fitted value of d 0 , the energy at L = 0, is the same as the value at N = 400, L = 0, given in Table 1 . The right panel in Fig. 21 shows how the ratio of rotational and gravitational energy, W = E rot /|V grav |, increases with L. We fit it by the following polynomial,
with e 2 = 0.12960 , e 3 = −0.05269 , e 4 = −0.02195 , e 5 = 0.01618 .
The Jeans effect
The Figures 22, 23 , and 24 show configurations of 400 and 700 particles, with one value of the angular momentum below and one value equal to the maximum value. These figures confirm the visible features that we defined in the Introduction as parts of the Jeans effect. They are:
• There is always circular symmetry in the rotation plane.
• Instability at the maximal angular momentum is due to particle loss from the centrifugal force at the equator. • The equator becomes a sharp edge at the maximal angular momentum.
The potential φ, defined in Eq. (27) and plotted with level curves in the figures, is everywhere negative, it goes to −∞ as x → ±∞, and to zero along the z-axis as z → ±∞. Note the two saddle points (Lagrange points) in each plot, most visible in the top left panels. With the corresponding level curves they delimit the Roche lobe, within which an external particle would be bound. As L increases towards L max the cloud of particles becomes unstable by filling its Roche lobe, developing the sharp edge shaped by the Roche lobe. For L < L max there is no sharp edge. These features are the same for 400 and 700 particles.
We claim that, within their limits, these figures are good representations of the behaviour of a polytropic gas. As shown in Appendix B, the level curves of the pressure and density inside a gravitationally bound polytrope are the same as the equipotential surfaces (of gravitational plus centrifugal potential). It should be remembered, however, that the correspondence between the two different systems has its limits. In particular, the potential plotted in our figures has point sources and is not smooth like the potential from the polytrope, and it includes our artificially introduced short range repulsion potential. Figure 24 illustrates both the absence of the Jacobi transition, and the instability due to centrifugal forces, as predicted by Jeans. It shows the projections on the rotation plane or xy-plane of the two configurations of 700 particles shown in Fig. 23 . The configuration in the left panel is at L = 6000, and has rotational symmetry with no signs of the shedding of particles. The configuration in the right panel is at L = L max = 7895, and we see that the Fig. 23 with 700 particles. In the left panel, we have L = 6000 and A 12 = 0.0024. In the right panel, we have L = L max = 7895 and A 12 = 0.021, here we see that the outer particles in the equator region are very loosely bound. The asymmetry in this projection is too small to be visible. outermost particles clearly are on the brink of drifting away. But despite the fact that the configuration is close to breakup, it remains rather circularly symmetric, thus confirming the Jeans effect.
Conclusion and outlook
We have used a model with N particles, where N is a large but finite number, to simulate a gravitationally bound rotating polytrope. We argue that this method is valid, and that the continuum limit can be described as the limit N −1/3 → 0.
The method is useful because it is simpler than solving a partial differential equation. Although the continuum limit is approached rather slowly, conclusions can be drawn from values of N of a few hundred, which are tractable numbers.
The polytropic index n corresponds in our model to a repulsive potential between the particles inversely proportional to the distance to the power 3/n. We have studied only the special case n = 3/2, corresponding to an inverse square repulsive potential.
One of the problems left for further investigations is to change the value of n. A technical problem which then appears is that the virial theorem becomes slightly more complicated, because the three terms in Eq. (17) scale with three different powers of α.
In particular, it would be interesting to study the Jacobi transition to a shape which is no longer rotationally symmetric in the rotation plane, and to verify the necessary condition found by Jeans, that n < 0.83.
In a rather different direction, the method described here could be used for studying rotating molecules, with totally different interaction potentials. The method used for computing stability can be used for computing vibrational frequencies.
A The Jeans theory of rotationally distorted polytropes
To find out how fast a body that is gravitationally compressed at its centre can rotate before it becomes unstable, Jeans constructed what he called the adiabatic model, described by an equation of state of the form
We will summarize here very briefly his reasoning and main results. See [8, 9, 10] for more details.
A positive constant p 0 in the equation of state implies that the density ρ at the surface, where P = 0, may have a positive value σ. Physically, it means that the theory may describe an inner part of a larger body. He introduces a compressibiliy parameter
where ρ c is the central density. Thus, = 0 corresponds to an incompressible fluid, or the central part of a larger body, whereas = 1 for a polytrope with equation of state P = Kρ γ . A slowly rotating incompressible body takes the shape of a Maclaurin ellipsoid, or spheroid, with two equal axes. With faster rotation this becomes unstable, and bifurcates to a Jacobi ellipsoid, with three different axes. The shape of a slowly rotating compressible body will be what Jeans calls a distorted spheroid, or pseudo-spheroid. A main result derived by Jeans is that the bifurcation to a distorted Jacobi ellipsoid will not take place if the adiabatic index γ is too small, so that the body is too much centrally condensed. Then it becomes unstable instead by shedding particles at the equator.
Jeans writes the variable density as
ρ(x, y, z) = ρ c (1 − F (x, y, z)) .
(76)
The surface is given by the equation ρ = σ, and with the definition (75) this means that F = 1. Knowing that the surface is a spheroid in the incompressible case = 0, he then writes
Here a and c are the semiaxes of the spheroid when = 0, and P 0 , Q 0 , R 0 , . . . are functions of x, y, z describing how the spheroid is distorted when > 0. Expanding to second order in he derives expressions for P 0 and Q 0 that take the following form when y = z = 0,
Here L, p, R, r, u are coefficients that he determines by solving the equations of hydrostatic equilibrium and gravitation.
On the x-axis, with y = z = 0, to second order in the surface is at F (x) = 1, with
The equation F (x) = 1 may be written as
and solved by iteration. To second order in this gives that
The critical condition that the centrifugal force is equal to the gravitational force at the equator, is expressed by the condition that the derivative of the pressure vanishes,
at the point where F (x) = 1. The equation of state P = Kρ γ means that the equations P (x) = 0, ρ (x) = 0, and F (x) = 0 are equivalent. We have that
Inserting x from Eq. (81) we get, to second order in ,
The two equations F (x) = 1 and F (x) = 0 together determine the point where the rotation becomes so fast that the body starts losing particles at the equator. Now Jeans wants to compare this to the point where the transition from a pseudo-spheroidal to a pseudoelliptical shape takes place. Through a lengthy analysis he finds numerical values for the coefficients L, p, R, r, u, depending on the adiabatic index γ, at the transition point [10] . With these values, to second order in the equation F (x) = 0 at the surface where F (x) = 1 takes the form
Setting = 1, the value for a polytrope with density ρ = 0 at the surface, we get to first order in the critical value γ = 2.0509, and to second order γ = 2.1521. Hence Jeans guesses that the values for higher order approximations may converge to a limit
which means that the critical polytropic index will be n c ≈ 0.83.
In conclusion, the transition where the shape changes may take place only if the polytropic index n is smaller than n c ≈ 0.83. For larger values of n, meaning higher compressibility, the mechanism for instability of the pseudo-spheroid will be shedding of particles from the equator.
Jeans also computed the shape of the rotating body at the critical speed of rotation where the particle loss sets in. The shape is then a pseudo-spheroid with a sharp edge at the equator, as sketched in [9] , Fig. 43 . In our simulations the same shape is apparent in Fig. 22 .
B The Lane-Emden equation
The equation of hydrostatic equilibrium in a rotating reference system is
where φ g is the gravitational potential and φ c the centrifugal potential,
Here G is the gravitational constant and Ω is the angular velocity. We take the rotation axis as our z axis. There is the boundary condition φ g = 0 at infinity. Eq. (1) implies that
Hence inside the body, where ρ > 0, Eq. (87) may be integrated to give that
The potentials φ g and φ c are given by Eq. (88), and φ 0 is an integration constant such that φ 0 = φ g + φ c where ρ = 0, on the surface of the body. We now write
where ρ c is the central density and θ is dimensionless, θ = 1 at the centre and θ = 0 at the surface. Inside the body, where θ > 0, we have that
By differentiating this equation we get that
The differentiation introduces lots of unphysical solutions. The physically meaningful solutions are those that are also solutions of Eq. (92). By a suitable scaling of the coordinates x, y, z we arrive at the dimensionless equation
where ω is a scaled angular velocity. The special case ω = 0 is the Lane-Emden equation.
The physically meaningful solutions of the Lane-Emden equation are those that are spherically symmetric. Therefore we take θ = θ(ξ), where ξ is a dimensionless radius, and arrive at the following standard form of the equation,
With initial conditions θ(0) = 1 and θ (0) = 0 it describes the density profile of a gravitationally bound nonrotating polytropic gas of given polytropic index n. The initial conditions make θ an even function of ξ. The density at a radius r = aξ is
where ρ c is the central density and a is a scaling factor. When n < 5 there is a sharp surface at some value ξ = ξ 1 where θ(ξ 1 ) = 0.
The truncated Taylor series
We want the solution for n = 3/2. It is known that the Taylor expansion
with K = ∞ converges all the way to ξ = ξ 1 [19] . Taking K to be finite we obtain an approximate solution which is a polynomial of degree 2(K −1). The coefficients a k are rational numbers, easily determined by some computer algebra program. The first 17 coefficients, starting with a 1 = 1, are as follows. 
The logarithm of this is plotted for K = 17 in Fig. 25 . It is zero to numerical precision for u < 0.4, then it turns positive and grows nearly exponentially to ∆(1) = 5.48. The root mean square residual is 0.615.
Better polynomial approximations
The truncated Taylor series is not necessarily the best possible polynomial approximation. We present here a polynomial of degree 24,
which gives smaller residuals for u > 0.8, as shown in Fig. 25 . We see that ∆(u) has eight zeros for 0 < u < 1, and −0.107 < ∆(u) < 0.036 for all u. We impose three constraints on the coefficients c k . We require that 
We use the following values for the coefficients, found by an approximate minimization of the sum of the residuals squared. We do not claim that they are optimal values. The root mean square residual is 0.013. This is plotted in Fig. 26 .
The method for generating one random point from the Lane-Emden density distribution is to generate a random number w ∈ [0, 1] and solve the equation F (u) = w for u. The radius is r = bu, with a scaling factor b to be determined later. The x, y, z coordinates are x = r sin ϑ cos ϕ , y = r sin ϑ cos ϕ , z = r cos ϑ .
We generate uniform random variables w 1 , w 2 ∈ [0, 1] and define cos ϑ = 2w 1 − 1 , sin ϑ = 1 − cos 2 ϑ , ϕ = 2πw 2 .
We used this Monte Carlo method to generate 10 000 points. For every pair of points we compute their mutual distance d. We compute the scaling factor b by minimizing the energy, Eq. (53), or equivalently by requiring the virial theorem to hold, Eq. (54). Repeating the calculation several times, we get a mean value with a statistical error, b = 5.2760 ± 0.0080 .
Since by definition u ≤ 1, b is the outer radius of the cloud of 10 000 particles. The same Monte Carlo data give a root mean square radius which is r m = 2.9220 ± 0.0029 ,
and an average distance between points which is d = 3.8432 ± 0.0037 .
The average energy per particle pair is
Note on numerical methods
We write f (u) = g(v) with v = u 2 . The derivatives of these functions are
The following Matlab function computes f, f , f and (internally only) g, g , g . It also computes the residual ∆ of the Lane-Emden equation. The input argument u may be a matrix of any size, then the outputs f, f , f , ∆ are matrices of the same size. Before calling the function we need to declare the coefficients cf to be global and assign values to them. Note that ". * " denotes elementwise multiplication of matrices.
Matlab code for computing the function f (u), its derivatives, and the residue of Eq. (102). 
